We prove that a compact quantum group with faithful Haar state which has a faithful action on a compact space must be a Kac algebra, with bounded antipode and the square of the antipode being identity. The main tool in proving this is the theory of ergodic quantum group action on C * algebras. Using the above fact, we also formulate a definition of isometric action of a compact quantum group on a compact metric space, generalizing the definition given by Banica for finite metric spaces, and prove for certain special class of metric spaces the existence of the universal object in the category of those compact quantum groups which act isometrically and are 'bigger' than the classical isometry group.
Introduction
It is a very natural and interesting question to study quantum symmetries of classical spaces, particularly metric spaces. In fact, motivated by some suggestions of Alain Connes, S. Wang defined (and proved existence) of quantum group analogues of the classical symmetry or automorphism groups of various types of finite structures such as finite sets and finite dimensional matrix algebras (see [20] , [21] ), and then these quantum groups were investigated in depth by a number of mathematicians including Wang, Banica, Bichon and others (see, for example, [2] , [3] , [4] and the references therein). However, it is important to extend these ideas and construction to the 'continuous' or 'geometric' set-up. In a series of articles initiated by us in [9] and then followed up in [10] , [12] , [11] and other articles, we have formulated and studied quantum group analogues of the group of isometries (or orientation preserving isometries) of Riemannian manifolds, including in fact noncommutative geometric set-up in the sense of [13] as well. It remains to see whether such construction can be done in a metric space set-up, without assuming any finer geometric (e.g. Riemannian or spin) structures. This aim is partially achieved in the present article, generalizing Banica's formulation of quantum isometry groups of finite metric spaces. Indeed, in [11] , we have proposed a natural definition of 'isometric' action of a (compact) quantum group on an arbitrary compact metric space (extending Banica's definition which was given only for finite metric spaces), and showed in some explicit examples the existence of a universal object in the category of all such compact quantum groups acting isometrically on the given metric space. In the present paper we slightly modify this definition (for finite spaces it is still the same) and have been able to prove the existence of such a universal object for some special class of metric spaces.
In fact, the first part of the paper does not go into the isometry condition and concentrates on the general aspects of quantum group actions on compact metric spaces. In this context, we have been able to prove some interesting results, which in particular imply that only Kac algebras can act faithfully on compact spaces. After this, we assume that the compact space is metrizable and taking into account the metric d, give several equivalent formulations of the 'quantum isomeric action'. However, we could not prove existence of a 'quantum isometry group' in general, although in some special situations (which include typical Lie groups and homogeneous spaces, and also all finite groups endowed with invariant metric) we have been able to establish existence of such a quantum isometry group.
Quantum groups and their actions
A compact quantum group (CQG for short) is a unital C * algebra S with a coassociative coproduct (see [22] , [23] ) ∆ from S to S ⊗ S (injective tensor product) such that each of the linear spans of ∆(S)(S ⊗ 1) and that of ∆(S)(1 ⊗ S) are norm-dense in S ⊗ S. From this condition, one can obtain a canonical dense unital * -subalgebra S 0 of S on which linear maps κ and ǫ (called the antipode and the counit respectively) making the above subalgebra a Hopf * algebra. In fact, we shall always choose this dense Hopf * -algebra to be the algebra generated by the 'matrix coefficients' of the (finite dimensional) irreducible unitary representations (to be defined shortly) of the CQG. The antipode is an anti-homomorphism and also satisfies κ(a * ) = (κ −1 (a)) * for a ∈ S 0 .
It is known that there is a unique state h on a CQG S which is bi invariant in the sense that
The Haar state need not be faithful in general, though it is always faithful on S 0 at least. One also has h(κ(a)) = h(a) for a ∈ S 0 . We also recall from [23] that there exists a canonical one-parameter family f z indexed by z ∈ C of multiplicative linear functionals on S 0 , with interesting properties listed in Theorem 1.4 of [23] . In particular, f z forms a one parameter group with respect to the 'convolution'
The following fact, which is contained in Theorem 1.5 of [23] , will be quite useful for us:
The Haar state h is tracial, i.e. h(ab) = h(ba) for all a, b, if and only if k 2 = id, which is also equivalent to f z = ǫ ∀z. In such a case, S is called a Kac algebra.
We also need the following: Lemma 2.2 If the tracial Haar state of a Kac algebra S is faithful, then its antipode κ admits a norm-bounded extension on S satisfying κ 2 = id.
Proof:
It follows from Theorem 1.6, (4) of [23] , by noting that τ i/2 = id for kac algebras, since f z = ǫ for all z in this case. 2 Corollary 2.3 Let S be a CQG with faithful Haar state h and assume that the mutiplicative functionals f z are identically equal to the counit ǫ on a norm-dense * -subalgebra S 1 of S 0 (S 1 may be strictly smaller than S 0 ). Then S must be a Kac algebra.
In the notation of [23] , we observe from the proof of Theorem 1.6 of [23] that σ t (a) = a for all a ∈ S 1 , where σ t denotes the * -automorphism defined on the whole of S mentioned in (3) of Theorem 1.6 of [23] . By the boundedness of σ t and the norm-density of S 1 , we conclude that σ t = id on the whole of S, hence h must be tracial. 2 We say that a CQG S (with a coproduct ∆) (co)acts on a unital C * algebra C if there is a unital C * -homomorphism β : C → C ⊗ S such that Span{β(C)(1⊗S)} is norm-dense in C ⊗S, and it satisfies the coassociativity condition, i.e. (β ⊗ id) • β = (id ⊗ ∆) • β. It has been shown in [15] that there is a unital dense * -subalgebra C 0 of C such that β maps C 0 into C 0 ⊗ alg S 0 (where S 0 is the dense Hopf * -algebra mentioned before) and we also have (id ⊗ ǫ) • β = id on C 0 . In fact, this subalgebra C 0 comes from the canonical decomposition of C into subspaces on each of which the action β is equivalent to an irreducible representation. More precisely, C 0 is the algebraic direct sum of finite dimensional vector spaces C π i , say, where i runs over some index set J i , and π runs over some subset (say T ) of the set of (inequivalent) irreducible unitary representations of S, and the restriction of β to C π i is equivalent to the representation π. Let {a
We say that the action β is faithful if the * -subalgebra of S generated by elements of the form (ω ⊗ id)(β(a)), where a ∈ C, ω being a bounded linear functional on C, is norm-dense in S. Since every bounded linear functional on a C * algebra is a linear combination of states, it is clear that in the definition of faithfulness, we can replace 'bounded linear functional' by 'state'.
Lemma 2.4
Given an action β of a CQG S on C, with C 0 , S 0 etc. as above, the following are equivalent: (i) The action β is faithful.
(ii) The * -algebra generated by the matrix coefficients is norm-dense in S.
(iii) The * -algebra generated by elements of the form (ω ⊗ id)(β(a)), where a ∈ C 0 , and ω is a (not necessarily bounded) linear functional on C 0 , is norm-dense in S.
Proof:
The equivalence of (ii) and (iii) is quite obvious, and so is the implication (i) ⇒ (iii). To prove (ii) ⇒ (i), fix any π, i, j, k and consider (by HahnBanach theorem) a bounded linear functional ω on C such that ω(a
For a Hilbert C * module E over a C * algebra C, we shall denote by L(E) the C * algebra of adjointable C-linear maps from E to E. We shall typically consider the Hilbert C * modules of the form H ⊗ S, where S is a C * algebra and the Hilbert module is the completion of H ⊗ alg S w.r.t. the weakest topology which makes H ⊗ alg S ∋ X → X, X 1 2 ∈ S continuous in norm. We shall use two kinds of 'leg-numbering' notation: for T ∈ L(H ⊗ S), we denote by T 23 and T 13 the elements of L(H ⊗ H ⊗ S) given by
, where σ 12 flips two copies of H. On the other hand, we shall denote by T 12 and T 13 the elements T ⊗ id S and σ 23 • T 12 • σ 23 respectively, of L(H ⊗ S ⊗ S), where σ 23 flips two copies of S.
A unitary representation of a CQG (S, ∆) in a Hilbert space H is given by a unitary U from H to H ⊗ S, or equivalently, the unitaryŨ ∈ L(H ⊗ S)
. We denote by ad U the map B(H) ∋ X →Ũ (X ⊗ 1)Ũ * . We say that an action β of S on a C * algebra C is implemented by a unitary representation in a Hilbert space H if there is a faithful representation π of C in B(H) such that (π ⊗ id) • β(a) = ad U (π(a)) for all a ∈ C. Given such a unitary representation U , we denote byŨ (2) the unitaryŨ 13Ũ23 ∈ L(H ⊗ H ⊗ S), and consider ad U (2) ≡ ad U (2) , which is given by ad U (2) (x ⊗ y) := U (2) (x ⊗ y ⊗ 1)Ũ (2) * , for x, y ∈ B(H). We use similar notation for an action β of S on some C * algebra C implemented by U , i.e. take β (2) ≡ β (2) U (this may in general depend on U ) to be the restriction of ad U (2) to C ⊗ C. This will be referred to as the 'diagonal action', since in the commutative case, i.e. when C = C(X), S = C(G), with G acting on X, the action β (2) does indeed correspond to the diagonal action of G on X × X. However, we warn the reader that when S is no longer commutative as a C * algebra, i.e. not of the form C(G) for some group G, β (2) may not leave C ⊗ C (or even C ⊗ w C) invariant, so may not be an action of S on C ⊗ C.
We shall denote by β (2) ≡ β (2),U the * -homomorphism ad W , where W = U 23Ũ13 .
Remark 2.5
The 'diagonal action' β (2) is not same as the one considered in [11] ; in fact, the diagonal map of [11] is actually (at least for finite spaces) the unitary U (2) considered in the present paper, so is not an algebra homomorphism in general. 
Necessity of the Kac algebra condition
The aim of this section is to prove that if a CQG with faithful Haar state acts facithfully on C(X), then the CQG must be Kac algebra. The main tool is the results known about ergodic actions of CQG. Let is recall that an action β of a CQG S on a C * algebra C is called ergodic if the fixed point subalgebra is trivial, i.e. β(x) = x ⊗ 1 for some x ∈ A implies that x is a scalar multiple of the identity element of A. We refer the reader to [8] for a detailed analysis of such ergodic actions. The following is an easy corollary of the results obtained in [8] (see also [6] ): Theorem 3.1 Let C be a commutative unital C * algebra on which a CQG S has an ergodic action β. Let C 0 , S 0 be the dense * -subalgebras mentioned before, with the counit ǫ and antipode κ, and let f z be the one-parameter family of multiplicative maps discussed in Section 2. Then f z (x) = ǫ(x) for all x belonging to the subalgebra of S 0 spanned by elements of the form (θ ⊗ id)(β(a)), for a ∈ C 0 and θ being a linear functional on C 0 .
Proof:
Let us recall the vector space decomposition of C 0 into subspaces C π i discussed before, and denote by F π (as in [8] , and also [23] , where the symbol F π was used) the operator (id ⊗
π ) (see [23] ). Now by Proposition 18 of [8] , there is a unique faithful S-invariant state ω on C and multiplicative linear map Θ : C 0 → C 0 satisfying ω(xΘ(y)) = ω(yx) for all x, y ∈ C 0 . But C being commutative, we have ω(xΘ(y)) = ω(xy), and by the faithfulness of ω, we must have Θ(y) = y for all y ∈ C 0 . Moreover, by [8] , for each π and i, the restriction pf Θ to C π i coincides with a scalar multiple of F π , and hence (noting also that Tr(F π ) = Tr(F −1 π )) we get F π = I. 2
We now prove the main result of this section.
Theorem 3.2 Let (S, ∆) be a CQG with faithful Haar state which acts faithfully on C(X) for a compact space X. Then S must be a Kac algebra.
Let κ, ǫ be the antipode and counit of S (defined at least on S 0 ) respectively, and let f z be the one-parameter group of multiplicative functionals discussed before. For any x ∈ X, let β x denote the * -homomorphism (ev x ⊗ id) • β from C(X) to S, and let the range of β x be denoted by S x . Clearly, S x is a unital commutative C * -algebra and by the coassociativity of β, it follows that ∆(S x ) ⊆ S x ⊗ S. Thus, ∆| S x gives an action of S on S x , and we claim that this is ergodic. Indeed, if ∆(a) = a ⊗ 1 for a ∈ S x , by appying the Haar state h (say) of S on the second copy of the tensor product we get h(a)1 = a, i.e. a is a scalar multiple of 1. Now, let C 0 be the dense * -subalgebra of C(X) on which β is algebraic, and by the assumption of faithfulness, the * -algebra generated by S x 0 := β x (C 0 ), with x varying in X, is dense in S. Since the action ∆| S x is ergodic, we conclude by Theorem 3.1 that f z (b) = ǫ(b) ∀z, for all elements b of the form b = (ω ⊗ id)(∆(a)), for any linear functional ω on S x 0 , and a ∈ S x 0 . Taking ω = ǫ, (which is defined on S x 0 ⊆ S 0 ), we see that f z = ǫ on S x 0 for every x, and using the facts that f z (ab) = f z (a)f z (b) and f z (a * ) = f −z (a) for all a, b, and ǫ is * -homomorphism, we get that f z = ǫ on the * -subalgebra (say S 1 ) of S 0 generated by S x 0 's, which is norm-dense in S by faithfulenss. The theorem now follows from Corollary 2.3. 2 4 Quantum group of isometries of (X, d)
Definition of isometric action of compact quantum groups
We have already noted that for any C * action β of a CQG S with faithful Haar state on C(X), the antipode, say κ of S is defined and bounded on the C * subalgebra generated by
• β is a well-defined and norm-bounded map on C(X).
In view of this, it is natural to make the following definition:
Definition 4.1 Given an action β of a CQG S (with faithful Haar state) on C = C(X) (where (X, d) is a compact metric space), we say that β is 'isometric' if the metric d ∈ C(X) ⊗ C(X) satisfies the following:
where σ 23 denotes the flip of the second and third tensor copies. 
Proof:
The equivalence of (i) and (ii) is a consequence of the continuity of the map x → d x ∈ C(X), and hence (by the norm-contractivity of β), the continuity of x → β(d x ) ∈ C(X) ⊗ S. Finally, to prove the equivalence of (i) and (iii), we need to first note that in (i), i.e. the condition (1), β can be replaced by ad U for any unitary representation U of the CQG S in some Hilbert space, which implements β. Then, using the observation that
, we see that (i) is equivalent to the following:Ũ
which is clearly nothing but (iii). Finally, the equivalence of (i) and (iv) follows from the symmetry of d, i.e. dσ = d, where σ ∈ C(X × X) is the map σ(x, y) = (y, (1) and then also applying σ 12 on both sides of it. 2 Remark 4.3 In case S = C(G) and β corresponds to a topological action of a compact group G on X, it is clear that the condition (ii) above is nothing but the requirement d(x, gy) = d(y, g −1 x)(= d(g −1 x, y)), which is obviously the usual definition of isometric group action. (X, d) , the present definition does coincide with Banica's definition in [2] as well as the one proposed in [11] . Indeed, for such a space, C(X) = l 2 (X), and we can be choose H U = l 2 (X) and U to be the natural representation of S coming from the action, with d viewed both as an element of C(X × X) as well as of l 2 (X × X). There is also the identically 1 function, say 1, in l 2 (X × X), which is cyclic and separating for C(X × X). Thus, the requirement β
Remark 4.4 For a finite metric space
. This is precisely the proposed condition of [11] (and equivalent to the definition of Banica, as observed in [11] ).
Remark 4.5 In the more general situation, assume that the CQG S has faithful Haar state (otherwise one may replace the original CQG by a suitable quantum subgroup). Then consider any faithful state φ on C(X) (given by integration w.r.t. some Borel probability measure µ, say), and by averaging w.r.t. the Haar state, we get another faithful (and S-invariant) state, say φ, with the corresponding measure being µ. Clearly, the action β extends to a unitary representation, say U , on H := L 2 (X, µ) which implements β. Moreover, since µ is a Borel probability measure, we have C(X) ⊆ L 2 (X, µ). and 1 is a cyclic separating vector for C(X × X) in L 2 (X × X) as before, such that U (2) −1 (1) = 1 ⊗ 1. Thus, β is isometric in our sense if and only if
Similarly, using condition (v) of Theorem 4.2, we get U 23 U 13 (d) = d ⊗ 1. More generally, for any function φ(d), where φ is a continuous real-valued function on R + , we have β (2) 
, and hence also
Remark 4.6 In the recent article [16] , the authors have generalized the notion of isometric action of CQG to the framework of Rieffel's compact quantum metric spaces. However, it is not yet clear whether their definition of isometric CQG-action is the same as the one given by us for a general compact metric space, although for finite spaces their equivalence has been proved by them. It will be also interesting to see whether analogues of the equivalent conditions (i)-(iv) proved above can be generalized too.
Existence of a universal isometric action
It is a natural question to ask: does there exist a universal object in the category (say Q X,d ) of all CQG acting isometrically (in our sense) on (X, d)? For finite metric spaces, the answer is clearly affirmative, and the universal object is the quantum isometry group defined by Banica. We are not yet able to settle this question in full generality. However, for a class of metric spaces which include typical Lie groups and their homogeneous spaces, we shall give an affirmative answer to a slightly modified question, namely, we shall prove the existence of a universal object in the subcategory of Q X,d consisting of those for which the classical isometry group ISO(X, d) (viewed as a CQG) is a sub-object. This formulation of quantum isometry group tacitly assumes that such a quantum group, if exists, should be 'bigger' than the classical isometry group. Theorem 4.7 Let us assume that there is a regular Borel probability measure µ on X which is the unique G-invariant (where G := ISO(X) denotes the classical isometry group) probability measure on X. Moreover, assume that there is a strictly positive, bijective function φ : R + → R + such that the integral operator T given by the integral kernel k(x, y) = φ(d(x, y)) in L 2 (X, µ) is compact, with eigenvectors belonging to C(X) and their linear span being norm-dense in C(X).
Under the above assumptions, there exists a universal object, to be denoted by QISO(X, d), in the subcategory of Q X,d consisting of those for which the classical isometry group ISO(X, d) (viewed as a CQG) is a subobject.
Proof:
Let τ µ denote the state on C(X) given by integration w.r.t. µ. Let Q be a CQG in the category mentioned in the statement of the theorem, with α being its action on C(X) and h being the Haar state on Q. Since it contains C(G) as a quantum subgroup, it is clear that the state τ µ * h := (τ µ ⊗ h) • α, which is Q-invariant, will be G-invariant too. By the assumed uniqueness of G-invariant regular Borel probability measure, we conclude that τ µ = τ µ * h, and now it is easy to argue, using the fact that h is the Haar state of Q, that τ µ is in fact Q-invariant. Thus, the action α naturally extends to a unitary representation on the Hilbert space H = L 2 (µ), which we denote by U , and U denotes the corresponding unitary on the Hilbert module H ⊗ Q.
We claim that
To this end, we first note that since k = φ(d), it follows from Remark 4.5 that
Now, note that
we have the following (where < ·, · > Q will denote the Q-valued inner product of the Hilbert modules H ⊗ Q or H ⊗ H ⊗ Q):
This proves the claim. The rest of the proof of the theorem will be very similar to that of Theorem 2.14 of [9] , replacing the Laplacian by the operator T . Indeed, it is easy to see from the arguments of [9] that there is a universal CQG, say Q 1 , which acts on C(X) faithfully in a way that the action preserves τ µ , and the induced unitary representation on L 2 (µ), say V , commutes with T in the sense that V T = (T ⊗ Id) • V . Clearly, both Q and C(G) are quantum subgroups of Q 1 . Moreover, reversing the steps in the proof of (2) above, we get (3) with U replaced by V , and since d = φ −1 (k), we conclude that Q 1 is an object of the category Q X,d , so it is indeed the desired universal object of the category Q X,d . 2
Remark 4.8 The hypotheses of Theorem 4.7 are valid for any finite group and typical compact Riemannian Lie groups (with the unique invariant metric) for which the heat kernel k is a bijective function of the metric d ( see [1] for examples of such manifolds which include compact simply connected semisimple Lie groups). In such situations, one can choose µ to be the Haar measure and T to be the heat semigroup T t for some t > 0.
Corollary 4.9 For X = T n , n ≥ 1, the universal object QISO(X, d) coincides with C(ISO(X)).
It suffices to observe that one can choose T to be the associated heat semigroup T t , for any t > 0. Then it follows from the construction of QISO(X, d) that it must be a quantum subgroup of the quantum isometry group corresponding to the Riemannian Laplacian in the sense of [9] , and this latter quantum group is known to be the same as the classical one from [10] and [7] . 2
